During rock blasting separate charges initiate movement of gas at high pressure through fractured rock. This gas occupies regions of compact support enclosed by moving boundaries, the gas fronts, at which the pressure is effectively zero. Here we consider the local behaviour of such gas fronts, albeit taking the system to be rather simpler so that the gas flow can be modelled by the porous medium equation, when two identically pressurized regions interact and when a gas front impinges upon a fixed boundary where the pressure is zero.
Abstract. During rock blasting separate charges initiate movement of gas at high pressure through fractured rock. This gas occupies regions of compact support enclosed by moving boundaries, the gas fronts, at which the pressure is effectively zero. Here we consider the local behaviour of such gas fronts, albeit taking the system to be rather simpler so that the gas flow can be modelled by the porous medium equation, when two identically pressurized regions interact and when a gas front impinges upon a fixed boundary where the pressure is zero.
1. Introduction. To quarry rock by cliff blasting the detonation of explosive charges act as point sources of high pressure gas. The gas then flows through fractured rock according to a highly nonlinear diffusion law in such a way as to occupy regions that are expanding but bounded at any instant. At the (free) boundaries of these, the gas fronts or blast fronts, the pressure is much smaller (e.g., atmospheric) and can be taken to be zero. For the full model of this and its derivation see [2] , As a rather simpler prototype we consider here the porous medium equation that applies to the flow of compressible gas moving relatively slowly so that Darcy's law applies:
This has similar properties to the more complex rock blasting model. To simplify the work still further we shall only take the case of m = 1 and restrict ourselves to two dimensions. We note that all the results will carry over with trivial modifications to general m > 0 and to N > 1 dimensions. We now have = V-(mVm) = uAu + \Vu\2.
The solution to (2) (and indeed (1)) originating from a point source at a time tQ is the Barenblatt-Pattle similarity solution (see, e.g., [1, 5] ; here u = (t-tQ)-l/2(C-^(t-t0)-l,2r2)+
for t > tQ, where C is a measure of the strength of the initial source (blast) and r is the distance from that point. We see that u > 0 for r < R(t) = [8C(/ -/0)'/2]'/2 and u = 0 for r > R(t).
We wish to know, first, what happens when a blast, such as that represented by (3), impinges upon a cliff place. This will be represented by a fixed flat boundary on which u = 0 (pressure is maintained at atmospheric). For convenience we take this boundary to be at x = 0, u = 0 on x = 0.
We also take the source to be at x = D > 0, y = 0, / = ?0 < 0, and C = j(-/0)_1/^2D2 so that the solution (3) applies for t0 < t < 0 and the moving boundary meets the fixed boundary at x = y = t = 0. Denoting the free boundary for / > 0 by r(0, . Second, we wish to estimate the local behaviour when two identical blast waves meet. Taking these to originate at i = ±D , y = 0, t = t0 < 0, and again, C = |(-t0)~l/2D2 , the problem is symmetric about x = 0 so that it is again possible to consider (2) only in x > 0 with dudu -= -= 0 on x = 0.
an dx
We may define l(t) for t > 0 as in the above Dirichlet problem but for t > 0 we now expect Q and T to be more like those illustrated in Fig Near the point of contact, 0, between r(0) and the fixed boundary x -0, the 2 2 1/2 free boundary T(0) is given by x = d(y) where d(y) is defined by D -(D"-y ) . We thus have d(y) ~ y2/(2D) for y small.
Formal asymptotic analysis then suggests that for y small the time taken for T to reach (0, y) is given by f ~ d{y)/V ~ 2y2(-tQ)/D2, i.e., /(f) ~ d~l (Vt) ~ \/2DVt for f small, for both the Dirichlet and Neumann problems. It is the aim of the present paper to prove that these estimates are indeed correct for (2) with either boundary condition (4) or (5) , in each case subject to the initial condition
2. Main results. We may define
with tQ, C, and r as above.
Then U satisfies (2), U = u for t < 0 and U > 0 on x = 0. Thus U is an upper solution for (2), (4), (6) and we immediately get that /(f) < sup{y: U(0, y, t) > 0}. From Definition (7) we know that U>0 for y2 + x2 -2Dx < 8C(f-f0)'^2 -D2 and so for 0 < t « 1 , U > 0 if x = 0 and y2 < 4C(-?0)1/2/ + 0(t2) = 2DVt + 0(t2).
Consequently we have
Lemma 1. For 0 < t < 1 , /(/) < \j2DVt, i.e., d(l(t)) < Vt, for problem (2), (4), (6).
We next obtain a complementary estimate: Lemma 2. For the problem (2), (4), (6), if 0 < t 1 then /(f) > \/2 DVt, i.e., d(l(t))>Vt.
Proof. We compare u with another self-similar (Barenblatt-Pattle) solution to (2) with centre (X, Y), w , such that at t = 0 the support of w lies within that of u, the boundaries of the two supports are tangent at some point, at which they have the same gradient V, so that w < u (see Fig. 4 ) at 1 = 0. By the maximum principle the same inequality holds for f > 0 . 
since for Y 1 and 0 < X < D we have E ~ X -Y2/(2{D -A")). We conclude that f ~ -2fj Y2/(X(D -X)) ~ Y2/{2V{D -X)) if Y2 « X(D -X).
Given any X < D we see that «(0, y, t) > 0 for f > y2/(2V(D -X)) if y < 1 .
It follows that /(f) > \J2(D -X)Vt for f < 1 .
Since this holds for arbitrary X, we may let X -> 0 to obtain /(f) > \j2DVt This means that the time taken for the boundary of Q.(t) to reach (0, y), t = co(y), is given by a>(y) ~ d{y)/V for y < 1 . Here x = d{y) ~ y2/(ID) describes <9Q(0) locally near 0 and V is the local boundary speed (i.e., boundary speed for / -► 0-).
We turn now to the Neumann problem (2), (5), (6). We can again use U, given by (7), as a comparison function. Noting that dU/dx > 0 on x = 0 where U > 0, we see that U is now a strict lower solution so u > 0 in the support of U for t > 0. Thus Lemma 3. For 0 < t < 1, I(t) > V2DVt, i.e., d{I(t)) > Vt, for the problem (2), (5), (6).
The corresponding estimate from above turns out to be the most technical. V2 zAz + |Vz|2 = -r-D (X" -1 ) + X,2 + y2 < V2 at t = 0. 2 Again we see that the choice of b > DV ensures that dz/dt > zAz + |Vz| for sufficiently small t.
Noting that z = u at t -0 we see that z is an upper solution for u so that u < z, 2 1/2 at least for short enough time, say t <x . This gives l(t) < 2[b + (bDV) ' ]t, so by taking b arbitrarily close to DV, we obtain the preliminary bound l(t) <4DV t for 0 < t <C 1 . We now obtain a stronger estimate from an improved upper solution.
Motivated by the form of similarity solutions to one-dimensional problems (see, e.g., [4] ) we define w by jj(Dx + at-y2/2)+ y2>2at,
where a is some constant, a > b. Here F(rj) satisfies Again from (8) F" -(F -t]F' -F,2)/F ~ (k -A2)/(Arj) as rj -► oo, which shows that k -A2 since F' has already been seen to be bounded.
We may now rescale F with A and rj with A to obtain a solution to (8), (9), (10), that satisfieŝ >0, F' >0, F" > 0, F(0) > 1, 1 < F -rjF' < F(0); F{l) ~ V + 1 + o(l) > F'(l) ~ 1 + °(1) > F -r]F'(rj)-> 1 as -> oo.
From (11) we see that F"'/F" -► -1 as -> oo so F" must be exponentially small for large r/. Hence ?/2FF" -» 0 as t] -» oo and is bounded.
We now have that w , dw/dy , and hence Vw , are continuous (as is dw/dt). Hence for some T, 0<T<r,\f0<t<T, 0 < x < a, -/} < y < /? , then w is an upper solution for (2), (5), (6), i.e., u <w .
But w -0 for y2 > 2at and we deduce that l(t)2 < 2at.
Taking a arbitrarily close to DV it is seen that l(t) < %/2 DVt for 0<Kl.
The following result comes immediately from Lemmas 3 and 4.
Theorem 2. Let u be the solution of the porous medium equation (2) in i > 0 subject to the initial condition u = ^>(2Dx -x2 -y2)+ at t = 0 and the Neumann boundary condition du/dx = 0 on x = 0; then l(t), as given previously, satisfies l(t) V2DVt for 0 < t -C 1 . Equivalently, writing the boundary of the support of u at t = 0 in the form x = d(y) locally near 0, the time taken for the support to reach (0,y), / = eo(y), satisfies co(y) ~ d(y)/V for y small. Here V is the local boundary speed (|Vw| at x = y = t = 0).
3. Discussion. We may note that the result that the time t = co{y) taken for the support (blast wave) to reach the point y on the fixed boundary x = 0 is given by co ~ d/V, where the free boundary is locally x -d{y) near 0 and V is the local boundary speed (ux at 0 with t -0 for (2)), may be obtained in more general situations:
(i) For other porous medium equations (m > 0 in (1) and + at -y2 / 2) | for y2 > 2at, w -{jj{at -y2/2)F(Dx/(at -v2/2))j 1 for v2 < 2at, with X -Dxx -x\/2, y2 -+ ■■■ + x2n and F(tj) satisfying FF" + F'2/m + F' -F = 0 , t]> 0 ; F'( 0) = 0 ; F(rj) ~ r\ as rj -oo .
(ii) For a Robin boundary condition, du/dx = yu on x = 0, 0 < y < oo, since we can bound the solution to this problem from each side by the solutions to the Dirichlet and Neumann problems.
(iii) For rather more general initial data the lemmas should follow in a similar fashion as long as the initial data and the initial free boundary, T(0), are reasonably smooth (say C2 for T(0)) near 0.
We conjecture that the above estimates apply for cases of interaction with fixed boundaries that although not necessarily flat are still smooth. Similar results should also hold for more general degenerate nonlinear diffusion such as those with diffusivity depending upon the gradient of u, as in the actual model for rock blasting, = V • (f(x)um\Vu\y~l) . For the homogeneous problem (see [3] ), f(x) = 1 , selfsimilar solutions u = ta[C -Brh/tp]"+ , where a = y/(m + y -1), b = 1 + \/y, B -(m+y-l)K~l/y/(y+1), a = -N/K, p = (y+ \)/K , and K = N{m+y-l)+y(y+1), can be used in the same way as the Barenblatt-Pattle solutions in Lemmas 1, 2, and 3.
Finally, it must be noted that our present results, even with the possible generalizations just mentioned, almost always fail to cover cases of asymmetric interaction of gas fronts.
